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On the volume and Gauss map image of spacelike
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Abstract

In this paper we use Gauss map to study spacelike submanifolds in de Sitter space form. We prove
that if there existρ > 0 and a fixed unit simple (n+ 1)-vectora ∈ Gpn+1,p such that the Gauss mapg
of ann-dimensional complete and connected spacelike submanifoldMn in Sn+pp satisfies〈g, a〉 ≤ ρ,
thenMn is diffeomorphic toSn, and its volume satisfies vol(Sn)/ρ ≤ vol(M) ≤ ρnvol(Sn). We also
characterize the case where these inequalities become equalities.
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1. The main result

Let Rn+p+1
p be the (n+ p+ 1)-dimensional connected pseudo-Euclidean space with

indexp, that is, the real vector spaceRn+p+1 endowed with the pseudo-Euclidean metric
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tensor〈, 〉 given by

〈v,w〉 =
n+1∑
i=1

viwi −
n+p+1∑
α=n+2

vαwα,

and letSn+pp be the (n+ p)-dimensional de Sitter space form with indexp, that is,

Sn+pp = {x ∈ Rn+p+1
p : 〈x, x〉 = 1}.

A smooth immersionψ : Mn → S
n+p
p of ann-dimensional connected manifoldMn is said

to be a spacelike submanifold if the induced metric viaψ is a Riemannian metric onMn.
As is usual, the spacelike submanifold is said to be complete if the Riemannian induced
metric is a complete metric onMn.

Recently Aledo and Alı́as[1] used Gauss map image to study the topology and volume
of complete spacelike hypersurfaces in de Sitter space and proved that a complete space-
like hypersurfaceMn in de Sitter space whose image under the Gauss map is contained
in a hyperbolic geodesic ball of radius� is necessarily compact and its volume satis-
fies vol(Sn)/ cosh� ≤ vol(Mn) ≤ vol(Sn) coshn �. They also characterized the case where
these inequalities become equalities. The main aim of this paper is to consider the similar
problem in higher codimension. More precisely, we shall prove the following.

Main Theorem. Letψ : Mn → S
n+p
p ⊂ Rn+p+1

p be an n-dimensional complete spacelike
submanifold in de Sitter space formSn+pp . If there existρ > 0 and a fixed unit simple
(n+ 1)-vectora ∈ Gpn+1,p such that the Gauss map g ofψ satisfies〈g, a〉 ≤ ρ, thenMn is
diffeomorphic toSn, and the volume ofMn satisfies

vol(Sn)/ρ ≤ vol(Mn) ≤ ρnvol(Sn). (1)

Moreover, vol(Mn) = ρnvol(Sn) if and only ifψ(Mn) is a totally umbilical n-sphere with
radiusρ,whilevol(Mn) = vol(Sn)/ρ if and only ifρ = 1,andψ(Mn) is a totally geodesic
n-sphere.

We shall prove the Main Theorem in Section 3, here we give some simple applications
as following.

Corollary 1. The only complete spacelike surfaces(n = 2) with parallel mean curvature
in de Sitter spaceS2+p

p whose Gauss map is bounded are the umbilical 2-spheres.

Proof. From the Main Theorem we know that the surface is in fact compact. The result
then follows from Theorem 5.3 in[2] or Corollary 9 in[3]. �

Corollary 2. LetMn be a complete spacelike n-submanifold with parallel mean curvature
in de Sitter spaceSn+pp whose Gauss map is bounded. If the normal connection ofMn is
flat, thenMn is a totally umbilical n-sphere.

Proof. From the Main Theorem we know that the submanifold is in fact compact. The
result then follows from Theorem 3 in[3]. �
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2. The geometry of pseudo-Grassmannian

In this section we review some basic properties about the geometry of pseudo-
Grassmannian. For details one is referred to see[5,6].

Let Rn+p+1
p be the (n+ p+ 1)-dimensional pseudo-Euclidean space with indexp,

where, for simplicity, we assume thatn ≥ p. The casen < p can be treated simi-
larly. We choose a pseudo-Euclidean frame field{e1, . . . , en+p+1} such that the pseudo-

Euclidean metric ofRn+p+1
p is given byds2 = ∑

i(ωi)
2 − ∑

α(ωα)
2 = ∑

A εA(ωA)2, where
{ω1, . . . , ωn+p+1} is the dual frame field of{e1, . . . , en+p+1}, εi = 1 andεα = −1. Here
and in the following we shall use the following convention on the ranges of indices:

1 ≤ i, j, . . . ≤ n+ 1; n+ 2 ≤ α, β, . . . ≤ n+ p+ 1;

1 ≤ A,B, . . . ≤ n+ p+ 1.

The structure equations ofRn+p+1
p are given by

deA = −
∑
B

εAωABeB,

dωA = −
∑
B

εBωAB ∧ ωB, ωAB + ωBA = 0,

dωAB = −
∑
C

εCωAC ∧ ωCB.

LetGpn+1,p be the pseudo-Grassmannian of all spacelike (n+ 1)-subspace inRn+p+1
p ,

and G̃pn+1,p the pseudo-Grassmannian of all timelikep-subspace inRn+p+1
p . They are

specific Cartan–Hadamard manifolds, and the canonical Riemannian metric onG
p
n+1,p and

G̃
p
n+1,p is

ds2G = ds2
G̃

=
∑
α,i

(ωαi)
2.

Let 0 be the origin ofRn+p+1
p . LetSO0(n+ p+ 1, p) denote the identity component of

the Lorentzian groupO(n+ p+ 1, p). SO0(n+ p+ 1, p) can be viewed as the manifold
consisting of all pseudo-Euclidean frames (0;ei, eα), andSO0(n+ p+ 1, p)/SO(n+ 1) ×
SO(p) can be viewed asGpn+1,p or G̃pn+1,p. Any element inGpn+1,p can be represented by a

unit simple (n+ 1)-vectore1 ∧ · · · ∧ en+1, while any element iñGpn+1,p can be represented
by a unit simplep-vectoren+2 ∧ · · · ∧ en+p+1. They are unique up to an action ofSO(n+
1) × SO(p). The Hodge star operator “*” provides a one to one correspondence between
G
p
n+1,p and G̃pn+1,p. The product〈, 〉 on Gpn+1,p for e1 ∧ · · · ∧ en+1, v1 ∧ · · · ∧ vn+1 ∈
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G
p
n+1,p is defined by

〈e1 ∧ · · · ∧ en+1, v1 ∧ · · · ∧ vn+1〉 = det(〈ei, vj〉).

The product oñGpn+1,p can be defined similarly.

Now we fix a standard pseudo-Euclidean frame{ei, eα} for Rn+p+1
p , and takeg0 =

e1 ∧ · · · ∧ en+1 ∈ Gpn+1,p, g̃0 = ∗g0 = en+2 ∧ · · · ∧ en+p+1 ∈ G̃pn+1,p. Then we can span
the spacelike (n+ 1)-subspaceg in a neighborhood ofg0 by n+ 1 spacelike vectorsfi:

fi = ei +
∑
α

ziαeα,

where (ziα) are the local coordinates ofg. By an action ofSO(n+ 1) × SO(p) we can
assume that

(ziα) =



µ1

...

µp

0


 .

From[6] we know that the normal geodesicg(t) betweeng0 andg has local coordinates

(ziα(t)) =




tanh(λ1t)

...

tanh(λpt)

0




for real numbersλ1, λ2, . . . , λp such that
∑p
i=1 λ

2
i = 1. This means thatg(t) is spanned by

f1(t) = e1 + tanh(λ1t)en+2, . . . , fp(t) = ep + tanh(λpt)en+p+1,

fp+1 = ep+1, . . . , fn+1 = en+1.

Consequently,g(t) can also be represented by a unit simple (n+ 1)-vector as following:

g(t) = (cosh(λ1t)e1 + sinh(λ1t)en+2) ∧ · · · ∧ (cosh(λpt)ep

+ sinh(λpt)en+p+1) ∧ ep+1 ∧ · · · ∧ en+1.

Set λα = λα−n−1, then it is clear that cosh(λ1t)e1 + sinh(λ1t)en+2, . . . , cosh
(λpt)ep + sinh(λpt)en+p+1, ep+1, . . . , en+1, sinh(λn+2t)e1 + cosh(λn+2t)en+2, . . . , sinh

(λn+p+1t)ep + cosh(λn+p+1t)en+p+1 is again a pseudo-Euclidean frame forRn+p+1
p , so

we have

g̃(t) = ∗g(t) = (sinh(λn+2t)e1 + cosh(λn+2t)en+2)
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∧ · · · ∧ (sinh(λn+p+1t)ep + cosh(λn+p+1t)en+p+1) ∈ G̃pn+1,p.

Thus we have

〈g0, g(t)〉 = (−1)p〈∗g0, ∗g(t)〉 = (−1)p〈g̃0, g̃(t)〉 =
∏
α

cosh(λαt).

3. The proof of theorem

We shall complete the proof of theorem in this section. Letψ : Mn → S
n+p
p ⊂ Rn+p+1

p

be ann-dimensional complete spacelike submanifold in de Sitter space formS
n+p
p , and

e1, . . . , en+p+1 the local pseudo-Euclidean frame field ofRn+p+1
p alongψ such that, when

restricted onMn, e1, . . . , en are tangent toMn anden+1 = ψ is the position vector ofMn.
The Gauss mapg : Mn → G

p
n+1,p is locally defined byg = e1 ∧ · · · ∧ en+1. In the fol-

lowing we shall also consider the map̃G = ∗g = en+2 ∧ · · · ∧ en+p+1 : Mn → G̃
p
n+1,p.

Now we assume that there existρ > 0 and a unit simple (n+ 1)-vectora = a1 ∧ · · · ∧
an+1 ∈ Gpn+1,p such that the Gauss mapg satisfies〈g, a〉 = det(〈ei, aj〉) ≤ ρ. We extend

a1, . . . , an+1 to a pseudo-Euclidean framea1, . . . , an+p+1 of Rn+p+1
p , and define the pro-

jectionΠ : Mn → Sna by

Π(p) = 1√
1 + ∑

α 〈ψ(p), aα〉2
(ψ(p) +

∑
α

〈ψ(p), aα〉aα),∀p ∈ Mn, (2)

where

Sna = {x ∈ Sn+pp : 〈x, aα〉 = 0, n+ 2 ≤ α ≤ n+ p+ 1}

is the totally geodesicn-sphere determined bya. A straightforward computation shows
that

dΠ(X) = 1√
1 + ∑

α 〈ψ, aα〉2
X+ 1

(1 + ∑
α 〈ψ, aα〉2)3/2

×

∑
α

(〈X, aα〉 +
∑
β

〈ψ, aβ〉2〈X, aα〉 −
∑
β

〈X, aβ〉〈ψ, aβ〉〈ψ, aα〉)aα

−
∑
α

〈ψ, aα〉〈X, aα〉ψ

 (3)

for every tangent fieldX onMn, and consequently,
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| dΠ(X) |2 = | X |2
1 + ∑

α 〈ψ, aα〉2 + 1

(1 + ∑
α 〈ψ, aα〉2)2

×


∑
α

〈X, aα〉2 +
∑
α,β

(〈X, aα〉2〈ψ, aβ〉2

− 〈X, aα〉〈ψ, aα〉〈X, aβ〉〈ψ, aβ〉)



= | X |2
1 + ∑

α 〈ψ, aα〉2 + 1

(1 + ∑
α 〈ψ, aα〉2)2

×


∑
α

〈X, aα〉2 +
∑
α<β

〈X ∧ ψ, aα ∧ aβ〉2


 . (4)

From Section 2 we know that by an action ofSO(n+ 1) × SO(p) we can assume that
eα = cosh(λαt)aα + sinh(λαt)aα−n−1 so that

〈g, a〉 = (−1)p〈G̃, ã〉 = (−1)p〈en+2 ∧ · · · ∧ en+p+1, an+2 ∧ · · · ∧ an+p+1〉
=

∏
α

cosh(λαt), (5)

where
∑
α λ

2
α = 1 andt ∈ R. Write

aα = aTα + 〈aα, ψ〉ψ −
∑
β

〈aα, eβ〉eβ,

whereaTα denotes the component ofaα which is tangent toMn. Sinceaα is a unit timelike
vector for allα, we have

−1 = | aTα |2 + 〈aα, ψ〉2 −
∑
β

〈aα, eβ〉2

and so,

1 +
∑
α

〈ψ, aα〉2 =
∑
α,β

〈aα, eβ〉2 −
∑
α

| aTα |2 − p+ 1 ≤
∑
α

cosh2(λαt) − p+ 1.

(6)

In order to estimate the quantity
∑
α cosh2(λαt) we need the following.

Lemma.Let µn+2 ≥ 1, . . . , µn+p+1 ≥ 1 and
∏
α µα = C. Then

∑
α µ

2
α ≤ C2 + p− 1,

and the equality holds if and only ifµα0 = C for somen+ 2 ≤ α0 ≤ n+ p+ 1andµα = 1
for anyα �= α0.



342 Wu BingYe / Journal of Geometry and Physics 53 (2005) 336–344

Proof. The lemma is trivial forC = 1. So we assume thatC > 1. Without loss of gen-
erality, we can assume thatµn+2 ≥ · · · ≥ µn+1+s > 1, µn+2+s = · · · = µn+p+1 = 1 and
µn+2 · · ·µn+1+s = C, here 1≤ s ≤ p. Let us maximize

f (µn+2, . . . , µn+1+s) =
n+1+s∑
α=n+2

µ2
α.

Let

F (µn+2, . . . , µn+1+s, µ) =
n+1+s∑
α=n+2

µ2
α + µ(C − µn+2 · · ·µn+1+s),

whereµ is a Langrange multiplier. Then at a critical point off one has

0 = Fµα = 2µα − µµn+2 · · ·µα−1µα+1 · · ·µn+1+s, n+ 2 ≤ α ≤ n+ 1 + s

which implies that

2µ2
α = µµn+2 · · ·µn+1+s = Cµ.

Thus at the critical point one hasµn+2 = · · · = µn+1+s = C1/s, and the corresponding
critical value off iss · C2/s. It is easy to see from mathematical analysis thats · C2/s + p− s
is monotone decreasing ins, so we have

∑
α µ

2
α ≤ C2 + p− 1, and the equality holds if

and only ifµn+2 = C,µn+3 = · · · = µn+p+1 = 1. �
Now from lemma, (4)–(6) and the assumption that〈g, a〉 ≤ ρ, we conclude that

| dΠ(X) |2 ≥ | X |2
〈g, a〉2 ≥ | X |2

ρ2 . (7)

It follows from (7) thatΠ is a local diffeomorphism. Since〈, 〉 is a complete Riemannian
metric onMn, the same holds for the homothetic metric̃〈, 〉 = 〈, 〉/ρ2. Then, (7) means that
the map

Π : (Mn, 〈̃, 〉) → (Sna , 〈, 〉)

increases the distance. If a map, from a connected complete Riemannian manifoldM1 into
another Riemannian manifoldM2 of the same dimension, increases the distance, then it is
a covering map andM2 is complete[4, VIII, Lemma 8.1]. HenceΠ is a covering map, but
Sna being simply connected this means thatΠ is in fact a global diffeomorphism between
Mn andSna . Hence,Mn is diffeomorphic toSn.

Now we want to prove (1). Using the diffeomorphismΠ : Mn → Sna we know that

vol(Sn) =
∫
Sna

dS =
∫
Mn
Π∗(dS), (8)
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where dS stands for the volume element ofSna . From (2) and (3) it follows that

Π∗(dS)(X1, . . . , Xn)

= det(dΠ(X1), . . . ,dΠ(Xn), an+2, . . . , an+p+1,Π)

= 1

(1 + ∑
α 〈ψ, aα〉2)(n+1)/2

det(X1, . . . , Xn, an+2, . . . , an+p+1, ψ)

= (−1)p〈g̃, ã〉
(1 + ∑

α 〈ψ, aα〉2)(n+1)/2
det(X1, . . . , Xn, en+2, . . . , en+p+1, ψ)

= 〈g, a〉
(1 + ∑

α 〈ψ, aα〉2)(n+1)/2
dM(X1, . . . , Xn)

for tangent vector fieldsX1, . . . , Xn of Mn, where dM is the volume element ofMn. In
other words,

Π∗(dS) = 〈g, a〉
(1 + ∑

α 〈ψ, aα〉2)(n+1)/2
dM. (9)

From (5), (6), (8), and (9) and the lemma we see that

vol(Sn) =
∫
Mn

〈g, a〉
(1 + ∑

α 〈ψ, aα〉2)(n+1)/2
dM ≥

∫
Mn

1

〈g, a〉n dM ≥
∫
Mn

1

ρn
dM

= 1

ρn
vol(Mn),

and so vol(Mn) ≤ ρnvol(Sn), and if the equality holds, thenaTα = 0 for allα, thus〈ψ, aα〉 =
constant for allα. It is easy to see thatMn is a totally umbilicaln-sphere with radiusρ.
Conversely, ifMn is a totally umbilicaln-sphere with radiusρ, we certainly have vol(Mn) =
ρnvol(Sn). Similarly,

vol(Sn) =
∫
Mn

〈g, a〉
(1 + ∑

α 〈ψ, aα〉2)(n+1)/2
dM ≤

∫
Mn

〈g, a〉dM ≤ ρvol(Mn),

so vol(Mn) ≥ vol(Sn)/ρ, and the equality holds if and only if〈ψ, aα〉 = 0 for all α and
〈g, a〉 = ρ. ThusMn is a totally geodesicn-sphere andρ = 1, and the theorem is proved.
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